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A cellular embedding of a connected graph G is said to be Hamiltonian if every face of the
embedding is bordered by a Hamiltonian cycle (a cycle containing all the vertices of G)
and it is an m-gonal embedding if every face of the embedding has the same length m. In
this paper, we establish a theory of generalized Cayley maps, including a new extension
of voltage graph techniques, to show that for each even n there exists a Hamiltonian
embedding of Kn such that the embedding is a Cayley map and that there is no n-gonal
Cayley map of Kn if n ≥ 5 is a prime. In addition, we show that there is no Hamiltonian
Cayley map of Kn if n = pe, p an odd prime and e > 1.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
There are many ways to embed graph Kn into a surface. These embeddings may differ depending on what properties
we expect them to possess. If, for instance, we want a map to be highly symmetric, we will try to obtain regular maps. It
was shown in [2] that there is an orientably regular embedding (that is, the orientation preserving automorphism group
of the map is as large as possible) of Kn in an orientable surface without boundary if and only if n is a prime power, that is
n = pe, p a prime and e ≥ 1. The reader can find the complete characterizations in [8], where the authors showed that the
only possible orientable embeddings of Kn are those of [2]. We only note that all these embeddings are Cayley maps.
In this paper, we consider embeddings with uniform face lengths. Since the complete graph Kn has n(n−1)2 edges, an
embedding with face lengths r can only exist if r divides n(n− 1).
As a part of the solution of Heawood map coloring problem [10], a solution is known for r = 3. In this case, the graph Kn
has a triangular embedding in an orientable surface if and only if n ≡ 0, 3, 4 or 7(mod 12) and in a non-orientable surface
if and only if n ≡ 0 or 1(mod 3), n ≥ 6 and n ≠ 7.
A solution is also known for r = 4. In [6,7], all nwith quadrilateral embeddings of Kn have been characterized.
In [4], the authors constructed exponentially many nonisomorphic Hamiltonian embeddings of Kn from triangulations
of Kn for every n ≡ 0 or 1(mod 3).
In this paper, we describe a construction of Hamiltonian embeddings of complete graphs, based on lifts of 1-vertex
quotient maps. We will show that there is a Hamiltonian Cayley map of Kn for each even n and there is no n-gonal Cayley
map of Kn if n ≥ 5 is a prime number.
The paper is organized as follows. In Section 2, we provide background information and we actually establish a theory
of generalized Cayley maps, including a new extension of voltage graph techniques. In Section 3, we construct Hamiltonian
Cayley maps for each even n and we prove non-existence of n-gonal Cayley maps for primes greater than 3. The last section
contains a list of open problems.
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Fig. 1. Edges, darts and flags.
2. Preliminaries
Graphs in this paper will always be finite, connected and undirected. However, they may contain parallel edges, loops
and semi-edges. Every edge e which is not a semi-edge gives rise to two darts, say d1 and d2, with opposite directions; we
will simply write d−1 for the dart reverse to the dart d. A semi-edge gives rise to one dart, for convenience oriented toward
the vertex incident with the semi-edge; if d is such a dart then d−1 = d. If D = D(G) is the dart set of a graph G, the mapping
λ : D → D given by λd = d−1 is the dart reversing involution onD. It interchanges the two darts associatedwith edges which
are not semi-edges and fixes darts associated with semi-edges. Since every graph G can be completely described by D and
λ, we will denote it by G = G(D; λ).
Let G = G(D; λ) and G′ = G′(D′; λ′) be graphs. A mapping ϑ : G → G′ is a graph homomorphism if it maps D to
D′, ϑ(λd) = λ′ϑ(d) for every d ∈ D and if for every pair d1, d2 of darts emanating from the same vertex of G, the darts
ϑ(d1), ϑ(d2) emanate from the same vertex of G′. The mapping ϑ : G → G is a graph automorphism if it is a bijective graph
homomorphism. A surjective graph homomorphism ϑ : G → G′ is a graph covering if for every vertex v′ ∈ V ′(G′), the set
of darts emanating from every preimage ϑ−1(v′) of v′ is bijectively mapped onto the set of darts emanating from v′.
Let Γ be a subgroup of Aut(G) and let ϑ : G → G′ be a graph covering. We say that ϑ is regular if for any two darts
d1, d2 ∈ D(G), ϑ(d1) = ϑ(d2) if and only if d2 = ϕ(d1) for some ϕ ∈ Γ and if the action of Γ on every preimage ϑ−1(d′)
is fixed-point-free. If there exists a regular graph covering ϑ from G to a 1-vertex graph G0, then G0 will be called a regular
1-vertex quotient graph of G. (For definition and basic facts about coverings and regular coverings of graphs and maps, we
refer to [1,5,9].)
In this paper, a surface is a compact 2-dimensional manifold. The boundary (if there is one) is always a disjoint union of
closed curves; every such curve is a homeomorphic image of the unit circle. Our surfaces can be orientable or non-orientable
and they can have nontrivial boundary. We will denote orientable (non-orientable) surface of genus g (of non-orientable
genus h) with k boundary components by Sg,k, k = 0, 1, 2, . . . (Nh,k, k = 1, 2, 3, . . .), respectively. For example, a closed
disc, which is a 2-sphere with an open disc removed, will be denoted by S0,1, while the Möbius band (often called crosscap),
which is a real projective plane with one hole, will be denoted byN1,1 or simply by C.
AmapM is a graph G embedded in a surface S such that every face of the embedding is homeomorphic either to an open
disc or to a half-disc {[x, y] ∈ E2|x2+ y2 < 1, y ≥ 0}. Such embeddings will be called cellular; the surface S is the supporting
surface of the mapM and the graph G is the underlying graph ofM . Throughout this paper, there will be no vertices on the
boundary of the supporting surface. Therefore, if an edge has nonempty intersection with the boundary of the supporting
surface, the edge is a semi-edge touching the boundary. For more information about maps on surfaces with boundary, see,
for example, [3].
Given a map, every dart of the underlying graph gives rise to two flags corresponding to the two ‘‘sides’’ of the dart. (The
situation is little bit different, if one allows vertices lying on the boundary—there may appear darts associated with one flag
only.) For example, in Fig. 1, we can see the darts and flags associated with (a) an interior edge, (b) an interior semi-edge
and (c) a semi-edge touching the boundary.
While a map with orientable supporting surface without boundary can be described by two permutations acting on the
dart set of the map, in the case of maps on general surfaces each map can be (algebraically) described by three involutions
τ , λ and ρ acting on the flag set of themap. The involution τ – transversal involution – interchanges the flags associated with
a dart. The second involution λ – longitudinal involution – interchanges the flags along an edge and the third one ρ – corner
involution – swaps the flags incident with a ‘‘corner’’ of the map. In our maps, the involutions τ and ρ are fixed-point free,
while the involutions λτ and λmay fix a flag. (The involution λτ fixes flags associated with interior semi-edges and λ fixes
the flags corresponding to semi-edges touching the boundary.) If M is a map with the flag set F and with the involutions
τ , λ and ρ, we will denote it simply as a quadrupleM = M(F; τ , λ, ρ). For an illustration of above definition, see Fig. 2.
Let Γ be a finite group, let X = (x0, x1, . . . , xd−1) be a finite generating sequence of elements of Γ and let δ be
an involution – distribution of inverses – on the set {0, 1, . . . , d − 1} such that xδi = (xi)−1 for each i. A Cayley graph
G = Cay(Γ , X, δ) for the group Γ , the generating sequence X and the distribution of inverses δ is a graph with vertex
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Fig. 2. The three involutions.
Fig. 3. A Cayley graph G = Cay(Z6, (1, 3, 5), (02)(1)) and its 1-vertex quotient G0 = Cay({1}, (0, 0, 0), (02)(1)).
set V (G) = Γ , whose darts are of the form (g, gxi), for each g ∈ Γ and xi ∈ X (see also [9]). The darts (g, gxi) and
(gxi, gxixδi) = (gxi, g) give rise to an undirected edge {g, gxi}; therefore our Cayley graphs are undirected. However, they
may contain multiple edges (multiple occurrence of generators), loops (if some xi is the unit element of Γ and δi ≠ i) and
semi-edges (if some xi is the unit element of Γ and δi = i). The group Γ is the underlying group of the Cayley graph.
If h is any element of Γ , the mapping ϑh : V (G)→ V (G) given by ϑh(g) = hg, g ∈ Γ , defines an automorphism of G. It
follows that Cayley graphs are vertex transitive. An alternative definition is that a graph is a Cayley graph if its automorphism
group contains a subgroup acting regularly on its vertices. Because the groupΓ acts regularly on vertices of any Cayley graph
(Γ , X, δ), we will sometimes call Γ the Cayley group of the graph.
If G is a Cayley graph, we will denote its 1-vertex quotient by G0. Since the automorphism group of any 1-vertex graph
contains a subgroup acting regularly on vertices of the graph (namely the trivial group), every 1-vertex graph is a Cayley
graph. So, if G = Cay(Γ , X, δ) is a Cayley graph, its 1-vertex quotient is a Cayley graph G0 = (Γ ′, X ′, δ′), where Γ ′ = {1} is
the trivial group, x′i = 1 for each i in {0, 1, . . . , d− 1} and the distributions of inverses are the same for both, G and G0. The
regular graph epimorphism mapping G to G0 is simply given by xi → x′i for each i ∈ {0, 1, . . . , d − 1}. We note that even
if the graph G does not contain loops and semi-edges, its 1-vertex quotient will. Indeed, if (g, gxi, gx2i , . . . , gx
−1
i ) is a cycle
in G, it collapses into a loop in G0 whenever the order of xi is at least three and an edge {g, gxi} gives rise to a semi-edge
when xi is an involution. Fig. 3 shows a Cayley graph for the group Z6, generating sequence (x0, x1, x2) = (1, 3, 5) and the
distribution of inverses δ = (02)(1) and its 1-vertex quotient.
Before introducing Cayley maps, we need to define one more map-theoretic concept. Let M be a map with the
underlying graph G and the supporting surface S (which can be orientable or non-orientable andwith orwithout boundary).
Following [5,11],we can do a ‘‘band decomposition’’ of themap. Roughly speaking, for each vertex of the embedded graphwe
choose a small disc containing it and every edge of Gwe surround by a narrow band. (Because S is a metrizable topological
space, the words ‘‘small’’ and ‘‘narrow’’ can be replaced by more accurate description but this is beyond the scope of this
paper.) We can see an example of a graph embedded in the disc and its band decomposition in Fig. 4.
LetM be a map with underlying Cayley graph G = Cay(Γ , X, δ) such that the cyclic local rotation of generators at each
vertex of the map is (x0, x1, . . . , xd−1), in one of the possible, either clockwise or counterclockwise, orientations about the
vertex. Let e be an edge (which is not a semi-edge) of Gwith endvertices u and v (clearly, if e is a loop, then u = v). In a band
decomposition of M , we choose the orientation at the vertex u in accordance with the cyclic sequence (x0, x1, . . . , xd−1).
Nowwe ‘‘move’’ the chosen orientation along the ‘‘e-band’’ to the disc neighborhood of v. We will say that e is twisted, if the
transferred orientation disagrees with the cyclic sequence (x0, x1, . . . , xd−1) at v and e is untwisted if it is not the case (see
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Fig. 4. A band decomposition of a map.
Fig. 5. Twisted and untwisted edges.
Fig. 6. Twisted and untwisted edges in a Cayley map—revisited.
Fig. 5). If e is a semi-edge, we define it as twisted if it touches the boundary of the supporting surface ofM and as untwisted
in the opposite case.
We are now in the position to define Cayley maps which we will call ‘‘signed’’, to distinguish them from those defined
in [9]. (Wenote that a theory for embeddings of Cayley graphs in non-orientable surfaces,without reflections,was developed
by Tucker in [11].) Let G = Cay(Γ , X, δ) be a Cayley graph and let ϵ : {0, 1, . . . , d − 1} → {1,−1}, such that ϵi = ϵδi for
each i, be a mapping from the set of indices of the elements of X to the set {1,−1}; we will say that ϵ is a sign function on G.
A signed Cayley map M = CayM(Γ , X, δ, ϵ) for the group Γ , the generating sequence X , the distribution of inverses δ and
the sign function ϵ is a map with underlying Cayley graph G satisfying the following two properties.
(a) The cyclic local rotation of generators at each vertex of the map is (x0, x1, . . . , xd−1), in one of the possible, either
clockwise or counterclockwise, orientations about the vertex.
(b) For each i ∈ {0, 1, . . . , d− 1} and g ∈ V (G) the edge {g, gxi} is twisted if and only if ϵi = −1.
Roughly speaking, such as each vertex has the same ordering of outgoing edges (clockwise or counterclockwise), every
edge colored by xi must be the same—either orientation preserving or orientation reversing.
The reason for definition of the sign function on semi-edges in the way described above is very simple and it follows
from the following alternative definition of twisted edges (we note that the conditions imposed on maps are the same as in
the above definition). Let e = {g, gxi} (we set gxi = h) be an edge and let f be the flag associated with e such that the flag
ρf is associated with the edge {g, gxi+1}. If the flag ρτλf is associated with the edge {h, hxδi−1}, we say that e is twisted;
otherwise it is untwisted. In Fig. 6, we can see a twisted and an untwisted edge and Fig. 7 shows that a free semi-edge is
untwisted while a boundary semi-edge is twisted.
LetM = M(F; τ , λ, ρ) andM ′ = M ′(F ′; τ ′, λ′, ρ ′) be maps. A mapping ϑ : M → M ′ is a map homomorphism if it maps
F to F ′ and if ϑ(ρf ) = ρ ′ϑ(f ), ϑ(λf ) = λ′ϑ(f ) and ϑ(τ f ) = τ ′ϑ(f ) for every flag f ∈ F . The mapping ϑ : M → M is a
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Fig. 7. Twisted and untwisted semi-edges—revisited.
map automorphism if it is a bijective map homomorphism. Let Γ be a subgroup of Aut(M) and let ϑ : M → M ′ be a map
homomorphism. We say that ϑ is regular if for any two flags f1, f2 ∈ F(M), ϑ(f1) = ϑ(f2) if and only if f2 = ϕ(f1) for some
ϕ ∈ Γ , and that ϑ has no transversal folds if ϑ(f ) ≠ ϑ(τ f ) whenever f and τ f are different flags. If there exists a regular
map homomorphism ϑ without transversal folds from M to a 1-vertex map M0, then M0 will be called a regular 1-vertex
quotient map ofM (see also [1,5,9]).
Theorem 1. Let M = CayM(Γ , X, δ, ϵ) be a signed Cayley map. Then M is vertex transitive.
Proof. Let f be a flag ofM incident with a vertex g and associated with a generator xi; we will denote it by the triple (g, i, 0)
if the flag ρf is associated with the generator xi+1; otherwise wewill denote it by (g, i, 1) (here indices are takenmodulo d).
It is easy to see that the mapping ϑh : F(M)→ F(M) given by ϑh(g, i, j) = (hg, i, j), g ∈ Γ , i ∈ {0, 1, . . . , d−1}, j ∈ {0, 1},
is an automorphism of M . For each h ∈ Γ the automorphism ϑh maps the vertex 1Γ to the vertex h. Therefore the Cayley
group Γ is a subgroup of the full automorphism group ofM acting transitively (and regularly—ϑh does not fix any vertex if
h is not the identity) on the vertices ofM . 
Clearly, every 1-vertex map is a signed Cayley map.
Again, ifM = CayM(Γ , X, δ, ϵ) is a signed Cayley map, for its 1-vertex quotient mapM0 = CayM(Γ ′, X ′, δ′, ϵ′) it holds
that Γ ′ = {1}, X ′ = {1, 1, . . . , 1}, δ′ = δ and ϵ′ = ϵ. The regular map homomorphism is given by (g, i, j) → (1, i, j) for
each i ∈ {0, 1, . . . , d− 1} and j ∈ {0, 1}.
Let G be a graphwith the vertex set V and the dart setD and letΓ be a finite group.We say that amapping α : D(G)→ Γ
is a voltage assignment on G if for every dart d ∈ D we have α(d−1) = (α(d))−1. The group Γ is a voltage group. (Note that
if d is a semi-edge then α(d) is either the identity element of Γ or an element of Γ of order two.) The lift of G by α, usually
denoted by Gα , is a graph defined as follows.
(a) The vertex set of Gα is V α = V (G)× Γ .
(b) The dart set of Gα is Dα = D(G)× Γ .
(c) There is a dart from (u, g) to (v, h) in Gα if h = gα(d) and d is a dart from u to v in G.
Now, let G be a graph, let α be a voltage assignment on G with voltages in a voltage group Γ such that the lift Gα is
connected and letM = M(F; τ , λ, ρ) be amapwith underlying graph G. We say that α : F(M)→ Γ is a voltage assignment
on M if for every flag f of M (f associated with a dart d) we have α(f ) = α(d). Clearly α(τ f ) = α(f ) for every flag f of M .
The liftMα is then defined in the following way (see also [1]).
(a) The flag set ofMα is Fα = F(M)× Γ .
(b) For the involutions ρα, τα and λα ofMα we have
(i) ρα(f , g) = (ρf , g)
(ii) τ α(f , g) = (τ f , g)
(iii) λα(f , g) = (λf , gα(f )).
In Fig. 8, we can see a 1-vertex map on the 2-sphere with voltages in the voltage group Z4 and its lift. The resulting map
is an embedding of K4 in the torus. The voltages on darts are indicated by values on arrows.
In the next Fig. 9, we see a lift of a 1-vertex map with the disc as the supporting surface. The resulting map is an
embedding of K4 in the projective plane. The embedding has three faces of length 4 and it is a Hamiltonian embedding
of K4.
LetM = CayM(Γ , X, δ, ϵ) be a signed Cayley map and letM0 = CayM(Γ ′, X ′, δ′, ϵ′) be its 1-vertex quotient map with
δ′ = δ, ϵ′ = ϵ and with the regular map homomorphism without transversal folds ϑ : M → M0 given by ϑ(xi) = x′i . Then
M = Mα0 is a lift ofM0 with the voltages on darts (1, x′i) simply given by α(1, x′i) = xi.
We can see a signed 1-vertex Cayley map M0 = CayM(Γ ′, X ′, δ′, ϵ′) with Γ ′ = {1}, X ′ = {1, 1, 1}, δ′ = (02)(1), ϵ′ =
(1,−1, 1) and with voltages (1, 2, 3) on the darts on the left hand side of Fig. 9. On the right hand side of the figure is its
lift—a signed Cayley mapM = CayM(Γ , X, δ, ϵ)with Γ = Z4, X = {1, 2, 3}, δ = (02)(1) and ϵ = (1,−1, 1).
Let M = M(F; τ , λ, ρ) be a map; the vertices (edges, faces) of M correspond to the orbits under the action
⟨τ , ρ⟩ (⟨λ, τ ⟩, ⟨λ, ρ⟩) on the flags of M , respectively. The length of a face is the order of the orbit under ⟨λρ⟩ on a flag
incident with the face. A face-boundary of a face of lengthm incident with a flag f is the cyclic sequence Bf = (f1, f2, . . . , fm)
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Fig. 8. A 1-vertex map with voltages in Z4 on 2-sphere and its lift on the torus.
Fig. 9. A 1-vertex map with voltages in Z4 on the disc and its lift on the projective plane.
of flags of M , where f1 = f and fi = (λρ)fi−1 = (λρ)i−1f for each i ∈ {2, 3, . . . ,m}. For example, orbits of the map on the
left hand side of Fig. 9 under the action of ⟨λ, ρ⟩ on the flags of the map are {a, b} and {c, d, e, f }. Therefore the map has
two faces. The orbit of a under the action ⟨λρ⟩ is the set {a} while the orbit of the flag c is the set {c, (λρ)c = d, (λρ)d =
(λρ)2c = f , (λρ)f = (λρ)3c = e}. So the first face has the length one, while the second face has the length four. The face
boundaries of the two faces are Ba = (a) and Bc = (c, d, f , e).
IfM is a map with voltage assignment α in a voltage group Γ andMα is its lift, we are interested in lengths and numbers
of faces of Mα in terms of lengths and numbers of faces of M . Let Bf = (f1, f2, . . . , fm) be a face-boundary of a face of M
and let αi = α(fi), i ∈ {1, 2, . . . ,m}, be the voltages on the flags of Bf . We define the voltage α(Bf ) of Bf as the product
α(Bf ) = α1 · α2 · · · · · αm.
If g1, g2, . . . , gm are elements of Γ , then the products g = g1g2 . . . gm and g˜ = gigi+1 . . . gmg1g2 . . . gi−1 are conjugated
in Γ for each i ∈ {1, 2, . . . ,m}. Therefore they have the same orders and it follows that the order of voltage α(Bf ) does not
depend on the choice of the initial flag f . If the orbits of ⟨λ, ρ⟩ and ⟨λρ⟩ of a flag f are different then, for the corresponding
face, there are two face boundaries, namely Bf and Bλf . The two face boundaries correspond to the two choices of local
orientation for traversing the face. It is easy to see that α(Bλf ) = α−1(Bf ) which implies that the orders of voltages of Bf
and Bλf are the same. In the next, we will be interested in orders of voltages, so we will simply talk about voltage of the face
instead of the voltage of face-boundary.
Theorem 2. Let M = M(F; τ , λ, ρ) be a map with voltage assignment α in a voltage group Γ , let A be a face of M of length m
with the voltage α(A) and let Mα be the lift of M. Next, let γ be a number such that
(a) if λ fixes a flag of A and if λα does not fix any flag of lift of A then γ = 2;
(b) otherwise γ = 1.
If the order of α(A) in Γ is k then
(i) every face of the lift has length km;
(ii) the face A lifts to |Γ |
γ k faces of M
α .
Proof. (i) Let f be a flag of A, let Bf = (f1, f2, . . . , fm) be the corresponding face-boundary and let (f1, g) be a flag of Mα .
The flag (f1, g) is a lift of the flag f1; it is the ‘‘first’’ flag of the face-boundary of the lift of Bf which we will denote by
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(Bf , g). Now, λρ(f1, g) = λ(ρ(f1, g)) = λ(ρf1, g) = (λρf1, gα(f1)) = (f2, gα1). Continuing in the previous manner,
we can see that the face-boundary (Bf , g) has the form ((f1, g), (f2, gα1), (f3, gα1α2), . . . , (fm, gα1α2 . . . αm−1), . . .). Since
the flags fi are pairwise different, so are the flags (f1, g), (f2, gα1), . . . , (fm, gα1α2 . . . αm−1). The next flag of (Bf , g) is
λρ(fm, gα1α2 . . . αm−1) = (λρfm, gα1α2 . . . αm−1αm) = (f1, gα(A)). Clearly, if Bf has the length m and the order of α(A)
is k, then the length of (Bf , g) is km.
(ii) The number of flags incident with face A is either 2m (if λ does not fix any flag of A) orm (if λ fixes a flag). We denote
the number of flags of A by m˜. The m˜ flags of A lift to |Γ | · m˜ flags of Mα . Therefore the number |Γ | · m˜ is the same as the
number of flags in the l lifted faces, each of length km. Again, every lifted face of A contains 2km flags if λα does not fix any
flag of the lift of A and km flags in other case. We denote the numbers of flags of lifted faces by m˜α . We obtain an equality
|Γ | · m˜ = l · m˜α from which it follows that the number of lifted faces l = |Γ | · m˜m˜α . The number m˜m˜α is equal to 12k if and only
if λ fixes a flag of A and λα does not fix any flag of the lift of A. In other cases m˜m˜α = 1k . We note that γ = 2 if and only if the
face contains a boundary semi-edge with identity voltage. 
3. Hamiltonian embeddings
A map is n-gonal if every face of the map has the same length n. An n-gonal map is Hamiltonian, if the boundary of every
face is a Hamiltonian cycle of the underlying graph. In the following two lemmas, we claim the existence of Hamiltonian
Cayley map of Kn for each even number n. In the proofs, we will construct them with the help of lifts of 1-vertex maps to
signed Cayley maps.
For the rest of this paper, group Γ ′ will always be the trivial group Γ ′ = {1} and the generating sequence X ′ will always
be the sequence X ′ = {x0, x1, . . . , xn−2} = {1, 1, . . . , 1}.
Lemma 1. Let n ≥ 4 be a natural number such that n ≡ 0(mod 4). Then there exists a Hamiltonian Cayley map of Kn.
Proof. Let n = 4k, k ≥ 1, letM0 = CayM(Γ ′, X ′, δ′, ϵ′) be a 1-vertex signed Cayley map and let α be a voltage assignment
onM0 such that
(a) The voltage group Γ is the multiplicative cyclic group Zn = ⟨a|an = 1⟩.
(b) The voltage assignment is
α = (α(x0), α(x1), . . . , α(xn−2)) = (a2k−2, a2k−4, . . . , a4, a2, a2k−1, a2k−3, . . . , a3, a1, a4k−1,
a4k−3, . . . , a2k+3, a2k+1, a4k−2, a4k−4, . . . , a2k+4, a2k+2, a2k).
(c) Since different generators have different voltages, the distribution of inverses δ is uniquely determined by α and we
have
δ = (0, 4k− 3)(1, 4k− 4) . . . (2k− 2, 2k− 1)(4k− 2).
(d) For the sign functionwe have ϵi = 1 if and only ifα(xi) is an odd power of a. Therefore ϵi = 1 for i ∈ {k+1, k+2, . . . , 3k}
and ϵi = −1 for other i.
We can see the 1-vertex signed Cayley map in Fig. 10. The generator x0 corresponds to the dart with voltage a2k−2 and the
cyclic order of generators is chosen to be clockwise around the vertex. The voltages on darts are indicated by arrows. The
sign −1 on edges (twisted edges) is indicated by a symbol for crosscap (except for the boundary semi-edge which is, by
definition, twisted). The supporting surface of M0 is a non-orientable surface with one hole and k − 1 crosscaps, that is,
Nk−1,1.
Now we will show that the lift ofM0 by α is a Hamiltonian map. It is sufficient to show that
(i) every face ofM0 lifts to faces of length n,
(ii) every lifted face is Hamiltonian and
(iii) there are exactly n− 1 lifted faces.
Due to uniqueness of voltages on darts, instead of writing the face-boundaries of M0 in the form of cyclic sequence of
flags (resp. associated darts), we will write them as the cyclic sequence of corresponding voltages on darts. Keeping this in
mind, we can write the face-boundaries ofM0 in the following form.
(1) The face A1 with face-boundary B1
B1 = (a)
(i) The face length is 1 and the voltage of A1 is α(A1) = a. Since a has order n in the voltage group and λ does not fix any
flag of A1, the face lifts (by Theorem 2) to |Γ |/n = 1 face of length n · 1 = n.
(ii) Without loss of generality, to traverse the face one can start at the vertex 1Γ . We encounter the vertices of lifted map in
the order 1, a, a2, . . . , an−1—so every vertex ofMα occurs exactly once on the boundary of the face. Therefore the face
is Hamiltonian.
(iii) It follows from (i) that the number of lifted faces Aα1 is #1 = 1.
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Fig. 10. 1-vertex regular quotient on the non-orientable surfaceNk−1,1 with multiplicative cyclic voltage group Z4k , which induces a Hamiltonian Cayley
map of K4k in a non-orientable surface without boundary of non-orientable genus h = (n−2)(n−3)2 .
(2) Faces A2 with face-boundaries B2
B2 ∈ {(a3, a−1), (a5, a−3), . . . , (a2k−1, a2k+3)}
(i) The face length is 2 and the voltage of A2 is α(A2) = a2. Since a2 has order n2 in the voltage group and λ does not fix any
flag of A2, the face lifts to |Γ |/ n2 = 2 faces of length n2 · 2 = n.
(ii) Traversing a face (for example) (a3, a−1), we encounter the vertices of lifted map in the order 1, a3, a2, a5, a4,
. . . , an−1, an−2, a1 in the first case and in the order 1, an−1, a2, a1, a4, . . . , an−5an−2, an−3 in the second case; again
every vertex ofMα occurs exactly once on the boundary of the faces. Therefore the faces are Hamiltonian.
(iii) There are k− 1 faces of the form B2, each of them lifts to two faces. So the number of lifted faces Aα2 is #2 = 2k− 2.
(3) The face A3 with face-boundary B3
B3 = (a2k, a2k−2, a2k+4, a2k−6, . . . , a2, a2k+1, a2, . . . , a2k−6, a2k+4, a2k−2,
a2k, a2k+2, a2k−4, a2k+6, . . . , a−2, a2k−1, a−2, . . . , a2k+6, a2k−4, a2k+2)
for k even and,
B3 = (a2k, a2k−2, a2k+4, a2k−6, . . . , a−2, a2k−1, a−2, . . . , a2k−6, a2k+4, a2k−2,
a2k, a2k+2, a2k−4, a2k+6, . . . , a2, a2k+1, a2, . . . , a2k+6, a2k−4, a2k+2)
for k odd.
(i) In both cases, the length of the face is n and the voltage of the face is α(A3) = 1. It is easy to see that λ fixes a flag of
A3—the flag corresponding to the semi-edge. Because the resulting surface has no boundary, λα does not fix any flag of
the lift of A3. Therefore γ = 2. Since 1 has order 1 in the voltage group, A3 lifts to |Γ |2.1 = 2k faces of length 1 · n = n.
(ii) It is easily verified (by straightforward calculation) that the faces are Hamiltonian.
(iii) There are #3 = 2k lifted faces.
From 1(iii), 2(iii) and 3(iii) it follows thatMα0 contains #1+ #2+ #3 = 1+ (2k− 2)+ 2k = 4k− 1 = n− 1 Hamiltonian
faces. ThereforeMα0 is a Hamiltonian Cayley map of K4k, k ≥ 1. 
Example 1.
• n = 4, k = 1, α = (a, a3, a2), ϵ = (1, 1,−1) (see Fig. 9)
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• n = 8, k = 2, α = (a2, a3, a, a7, a5, a6, a4), ϵ = (−1, 1, 1, 1, 1,−1,−1)
• n = 12, k = 3, α = (a4, a2, a5, a3, a, a11, a9, a7, a10, a8, a6), ϵ = (−1− 1, 1, 1, 1, 1, 1, 1,−1,−1,−1).
Lemma 2. Let n ≥ 4 be a natural number such that n ≡ 2(mod 4). Then there exists a Hamiltonian Cayley map of Kn.
Proof. Let n = 4k + 2, k ≥ 1, let M0 = CayM(Γ ′, X ′, δ′, ϵ′) be a 1-vertex signed Cayley map and let α be a voltage
assignment onM0 such that
(a) The voltage group Γ is the dihedral group
Dn = D4k+2 = ⟨a, b|a2k+1 = b2 = 1, ba = a−1b⟩.
(b) The voltage assignment is
α = (b, ab, a2b, . . . , a2k−2b, a2kb, a2k−1b, a−2, a−4, . . . , a−2k, a2k, . . . , a4, a2).
(c) Again, different generators have different voltages, therefore the distribution of inverses δ is uniquely determined by α
and we have
δ = (0)(1) . . . (2k)(2k+ 1, 4k)(2k+ 2, 4k− 1) . . . (3k, 3k+ 1).
(d) For the sign function we have ϵi = −1 for each i.
We can see the 1-vertex signed Cayley map in Fig. 11. The generator x0 corresponds to the dart with voltage b and the cyclic
order of generators is chosen to be counterclockwise. The supporting surface ofM0 is a non-orientable surface with one hole
and k crosscaps, that is,Nk,1.
Again, we have to show that the lift of M0 is a Hamiltonian map—we have to prove items (i)–(iii) as in the proof of the
previous lemma.
(1) Faces A1 with face-boundaries B1
B1 ∈ {(xi, xi+1)} for i ∈ {0, 1, . . . , 2k − 1}.
(i) The face length is 2 and the voltage of A1 is either a or a2 – if B1 = (a2k−2, a2k) – or their inverses. Since 2k + 1 is odd,
every net voltage of B1 has order 2k+1 in the voltage group and therefore lifts to faces of length 2 · (2k+1) = n. There
is a flag fixed by λ in every A1 (and no flag fixed in the lift)—A1 lifts to
|Γ |
2·(2k+1) = 1 face.
(ii) One can verify (by straightforward calculation) that for every face of the form A1, the lifted face is Hamiltonian. For
example, traversing the face (ab, b), we encounter the vertices of liftedmap in the order 1, ab, a, a2b, a2, . . . , a−1b, a−1.
(iii) There are 2k faces of the form B1, each of them lifts to one face. So there are #1 = 2k lifted faces.
(2) The face A2 with face-boundary B1
B2 = (b, a2, a−4, a6, . . . , a−2k, a−2k, . . . , a6, a−4, a2, a2k−1b, a−2, a4, a−6, . . . , a2k, a2k, . . . , a−6, a4, a−2)
for k even and,
B2 = (b, a2, a−4, a6, . . . , a2k, a2k, . . . , a6, a−4, a2, a2k−1b, a−2, a4, a−6, . . . , a−2k, a−2k, . . . , a−6, a4, a−2)
for k odd.
(i) In both cases, the length of the face is n and the voltage of the face is α(A2) = 1. The involution λ fixes the flag
corresponding to x0. It is easy to see that λα does not fix any flag—therefore γ = 2. Since 1 has order 1 in the voltage
group, A2 lifts to
|Γ |
2.1 = 2k+ 1 faces of length 1 · n = n.
(ii) Again, a straightforward calculation shows that the faces are Hamiltonian.
(iii) There are #2 = 2k+ 1 lifted faces.
From 1(iii) and 2(iii), it follows thatMα0 contains #1 + #2 = 2k+ (2k+ 1) = 4k+ 1 = n− 1 Hamiltonian faces. Therefore
Mα0 is a Hamiltonian Cayley map of K4k+2, k ≥ 1. 
Example 2.
• n = 6, k = 1, α = (b, a2b, ab, a, a2)
• n = 10, k = 2, α = (b, ab, a2b, a4b, a3b, a3, a, a4, a2)
• n = 14, k = 3, X = (b, ab, a2b, a3b, a4b, a6b, a5b, a5, a3, a, a6, a4, a2).
Lemma 3. If p is a prime number greater than 3, there is no n-gonal Cayley map of Kp.
Proof. The only group of order p is the cyclic group Zp. If there exists an n-gonal Cayley map of Kp, every face of its 1-vertex
quotientM0 has to have either voltage 1 and length p or the order of its voltage is p and its length is 1. There are no elements
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of order two inZp—therefore the supporting surface ofM0 has no boundary and the sum of lengths of all faces ofM0 is p−1.
So there are only faces of length 1 inM0. Using the Euler’s formula for surfaces without boundary we found that it is possible
only if the supporting surface of the 1-vertex quotient map is the 2-sphere. In this case, the corresponding 1-vertex quotient
map is a simple loop embedded in the 2-sphere and it lifts to a 3-cycle embedded in the 2-sphere. 
Theorem 3. If n ≥ 3 is either 3 or an even number, then there exists a Hamiltonian Cayley map of Kn. On the other hand, if
n ≥ 5 is a prime, there is no n-gonal Cayley map of Kn.
Proof. The theorem follows from Lemmas 1–3. 
It is not so hard to verify that there is no Hamiltonian Cayley map of K9. If such a map existed, the supporting surface of
its 1-vertex quotient map M0 would have no boundary and the sum of lengths of all faces of M0 would be eight. Therefore
the faces of M0 are of lengths 1, 1, 1, 1, 1, 1, 1, 1 or 1, 1, 1, 1, 1, 3 or 1, 1, 3, 3. Using the Euler’s formula, we can easily
exclude the first two cases. SoM0, (if it exists) has 1 vertex 4 edges and 4 faces. Therefore the Euler characteristic χ(S) of the
supporting surface ofM0 is 1—the corresponding surface is the projective plane. To lift a face of length 1 to a face of length
9 is possible only if in the corresponding voltage group there is a generator of order 9. So we exclude Z3 × Z3 as a group
of order 9—the voltage group is therefore Z9. For δ and ϵ we have (without loss of generality) δ = (01)(26)(34)(57) and
ϵ = (1, 1,−1, 1, 1,−1,−1,−1). Therefore the voltagesα0, α1 = α−10 , α3 andα4 = α−13 have to have order 9 inZ9. Then for
αwe haveα = (α0, α−10 , α2, α3, α−13 α5, α−12 , α−15 ). If the face-boundaries ofM0 are B1 = (α0), B2 = (α3), B3 = (α0, α2, α5)
and B4 = (α3, α5, α−12 ), the voltages of the faces are α(A1) = α0, α(A2) = α3, α(A3) = α0 · α2 · α5 = x and
α(A4) = α3 · α5 · α−12 = y. Since the length of A3 and A4 is three, x and y have to be of order three (because of lengths
of lifted faces), so we know that either α2 or α5 is of order three. Suppose that α2 (without loss of generality) is such
an element. There are only two elements of order three in Z9, namely α2 and α−12 . If x = α2 then α0 · α2 · α5 = α2
from which it follows that α0α5 = 1. Because α5 ≠ α−10 , we have a contradiction. So x = α−12 and α0 · α5 = α2.
If we traverse the face A3 (starting at the unit element), we encounter the vertices of the map in the following order:
1, α0, α0 · α2, α0 · α2 · α5 = α−12 , α−12 · α0, α−12 · α0 · α2 = α0, . . . , that is, the lifted face is not Hamiltonian. We conjecture
the following.
Conjecture 1. If n ≥ 5 is an odd number then there is no Hamiltonian Cayley map of Kn.
Regarding this conjecture, one of the refereesmade two observations which he (she) kindly permitted to reproduce here.
Observation 1. Suppose that M is any n-gonal Cayley map for the group A where |A| = n is odd and the valence d is relatively
prime to n. If p is a prime dividing n, there must be a face in the quotient embedding of size m not divisible by p, since the sum of
the face sizes is d. In order for the Cayley map to be n-gonal, the order of the net voltage on the face must be n/m, which is divisible
by the highest power of p dividing n. This means A is Sylow-cyclic: all Sylow p-subgroups of A are cyclic. By a classical theorem of
Frobenius, this means A is a semi-direct product of cyclic groups of relatively prime order. Thus the structure of the Cayley group
A is highly restricted for any n-gonal Cayley map of valence d for a group A whose order n is relatively prime to d.
Observation 2. Suppose again that n is odd and A is cyclic. Let a1, a2, . . . , am be the voltages along the directed boundary of a
face of size m: again to be n-gonal, m|n and the product a1a2 . . . am has order n/m. In order for the lift of the face boundary to go
through all elements of Zn, we need a1, a1a2, a1a2a3, . . . to go through all residue classes modulo m. Thus we cannot have any
ai ≡ 0(mod m). In particular, if n = pe for e > 1, then the voltage a = pe−1, can only go on a face of size pe which is impossible.
By our first remark, when n = pe, the Cayley group A must be cyclic, so this means the author’s conjecture is true for n = pe.
Our observation also applies to odd n that are not powers of a prime and highly restricts the possible face sizes of the quotient
graph when A is cyclic: for example if pe is the highest power of a prime p dividing n, there must be a face of size divisible by pe
(to provide a place for the voltage n/p).
On Observation 2 we have the following theorem.
Theorem 4. If n = pe, p an odd prime and e > 1, there is no Hamiltonian Cayley map of Kn.
Proof. Omitted. 
We have seen that there is no Hamiltonian Cayley map of K9 = K32 . The result follows directly from Theorem 4. On
the other hand, it is easy to see that if, for Γ = Z9, δ = (01)(26)(34)(57) and ϵ = (1, 1,−1, 1, 1,−1,−1,−1), we set
α = (1, 8, 3, 4, 5, 2, 6, 7), the resulting Cayley map will be a 9-gonal embedding of K9 in the non-orientable surfaceN21,0.
4. Final remarks
In this section, we give a list of questions (open problems) for future research. We have seen that supporting surfaces of
all Cayley maps constructed in the previous section (except the case n = 3) have been non-orientable. In fact, an n-gonal
embedding of Kn in an orientable surface can only exist if n ≡ 2 or 3(mod 4). Hence, it is natural to ask the following
questions.
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Fig. 11. 1-vertex regular quotient on the non-orientable surfaceNk,1 with dihedral voltage group D4k+2 , which induces a Hamiltonian Cayleymap of K4k+2
in a non-orientable surface without boundary of non-orientable genus h = (n−2)(n−3)2 .
Question 1. Is there an integer n > 3 for which there is an n-gonal Cayley map of Kn with an orientable supporting surface?
Furthermore, a stronger version of that is given below.
Question 2. Is there an integer n > 3 for which there is a Hamiltonian Cayley map of Kn with an orientable supporting surface?
With respect to the comment after Theorem 4, we have the following question.
Question 3. If n = pe is a prime power, p an odd prime and e > 1, is there an n-gonal Cayley map of Kn?
Paraphrasing Conjecture 1 we arrive at the following question.
Question 4. Is there an odd integer n > 3 for which there is a Hamiltonian Cayley map of Kn?
We have seen that all the maps constructed in the proofs of Lemmas 1 and 2 use reflections. Thus, we could ask the last
question.
Question 5. For n > 3, is it possible to construct a Hamiltonian Cayley map of Kn without reflections?
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